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It has been noted [6] that tables of random integer statistics contain a 
preponderance of numbers beginning with the smaller digits. For the 
purposes of this paper we will call the digits on the left the beginning; 
for example, the number 1492 begins with 1, with 14, with 149 and with 
1492. 
By empirical means it was determined in [l] that about log,, 2 % of all 
randomly found integers began with the digit 1. In fact, the proportion 
beginning with k is found to be 
ki-1 
bh 7 3 for k = l,..., 9. 
Notice that 
2 3 
l”g10 i + logICI 2 + . . . + log,,; = 1. 
On first inspection this appears to be counterintuitive, since we would 
expect the proportions of all nine digits to be equal. The later investigators 
sought to explain this anomalous phenomenon by showing that the 
integers beginning with the digit 1 have density log,, 2 in the natural 
numbers. Let us denote the set of positive integers beginning with the 
string of digits k by the symbol S(k). 
The natural density of a set of integers S is defined as 
lim (the number of elements in S < n) 
I,‘-2 n c*> 
If we take S = S(1) this limit does not exist. Whenever n is a power of 10 
we find that the quotient equals l/9, but whenever n is twice a power of 10 
the value of the ratio is about 5/9. As n goes to infinity the quotient 
oscillates between these two bounds. Granted that this set does not have a 
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natural density the field becomes open to other definitions of density 
which might apply. 
For example, Diaconis [2] shows that the Zeta density defined by 
converges to log,, 2 for S = S(1). 
Any set with a natural density will have the same Zeta density and so 
this is a possible extension of the concept of density. 
The difficulty with accepting this explanation of the phenomenon is that 
we have no guarantee that all extensions of natural density will agree 
with each other on the density of this set. 
Flehinger [3] uses Holder sums to show that even though the quotient (*) 
oscillates it averages about the value log,, 2. This should tell us that there 
is some inherent log,,Zness about this set. However, this and most of the 
other approaches employ a reweighting of the integers which is tacitly 
bottom-heavy on the low numbers. Essentially, these densities explain 
this phenomenon by emphasizing that the numbers 1, 11, 12,..., 101, 102,... 
come before 2, 21, 22 ,..., I 701, 202,... . Still, we cannot be sure that this is 
not an unfair overemphasis. In this paper we show that any generalization 
of natural density which applies to the sets S(k) and which satisfies one 
additional condition must assign the value log,, 2 to S(1). 
Let us denote the density of the set S(k) by d(k). Pinkham [7] shows that 
if there is some continuous function f(x) which agrees with d(k) for 
k = 1, 2,..., 9, which is also scale invariant and which satisfies a few 
recurrence formulas, then f(1) = log,, 2. Raimi [8] claims that such a 
function cannot exist. He goes on to show that ail finitely (but not 
countably) additive Banach measures which are continuous on Iw, mono- 
tone increasing, and scale invariant assign the measure log,,(p + 1) to 
the set 
(j [lo”, (p + 1) 1on>. 
n=-cc 
In both these papers the assumption of an underlying continuous function 
which is scale invariant is motivated by a desire to explain why the first 
digit phenomenon can be found in lists of physical constanst such as 
acreages or freezing points. Scale invariance here means that these lists 
would exhibit this property if the units of measurement were changed. 
Our treatment does not require the existence of such a continuous 
function since we are interested only in the discrete case. Raimi himself 
questions the validity of the assumption of scale invariance when applied 
to such integer statistics as a list of street addresses. 
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Let S be any set of integers and let us define T(S) as the set formed by 
replacing every element x of S by the pair of integers 2x and 2x + 1. 
We will call a finitely additive density defined on sets of integers super- 
natural if it assigns the natural density to all sets of integers which have 
natural density and if it assigns the same density to S and T(S) for all sets S. 
The condition which we have imposed is implied by the pair of conditions 
(i) density of 2s = $ density of S, 
(ii) density of S = density of S + I, 
both of which are satisfied by all the generalizations of natural density 
considered above. 
Let d be any supernatural density. We show that d(1) = log,, 2. 
The mapping T transforms the set S(1) into the union of the two sets 
S(2) and S(3). 
d(1) = d(2) + d(3). 
This is the first explanation of why the d(k) are not all equal. The mapping 
T2 transforms the set S(1) exactly into the union of S(4), S(5), S(6), and S(7). 
d(l) = d(4) $ d(5) + d(6) $ d(7). 
In general, by considering T” we derive 
d(1) = d(2*) + d(2D + 1) + ... + d(2”+1 - 1). 
If we sum the first ulz of these equations, i.e., the ones for 
p = 0, I,..,, (m - l), we arrive at 
zm-1 
md(1) = c d(i). 
i=l 
Now, by definition we have 
41) + 42) + ..* + d(9) = 1, 
since all integers must begin with some digit. Similarly, 
c1(10) + d(l1) + .a* f d(99) = 1, 
and 
and so on. 
d(lOO) + d(lO1) + ... + d(999) = 1, 
Therefore, the greatest integer in C d(i) will be the highest power of 10 
less than 2”. This is 
Ibhl2"l = [m bh 21, 
where the brackets denote the greatest integer function. 
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Therefore, 
[ma)1 = [m ha, 21 
for all m. This clearly implies that d(1) = log,, 2. 
By an extension of the argument above, we can show that 
k+l 
44 = h&l -Jy for all k. 
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